It is well known that the average position or barycenter of generic orbits for the standard tent map is 0.5. Periodic orbits are exceptional orbits in the sense that most of them have barycenters different from 0.5. In this paper we prove that for any positive integer n, there exist n distinct periodic orbits for the standard tent map with the same barycenter. We also provide some patterns of periodic orbits with the same barycenter.
Introduction
Let T : [0, 1] → [0, 1] be the standard (full) tent map defined by T (x) = 1−|2x−1| or
. This map is often introduced as one of the first examples of chaotic maps in typical textbooks for dynamical systems. Its dynamics exhibit various features that are commonly used to identify chaotic systems (see for instance [1] ).
The n-th iterate of T is given by T n (x) = 2 n x − 2m 2 n when x ∈ [ 2m 2 n , 2m+1 2 n ], 2 n 2(m+1) 2 n − x when x ∈ [ 2m+1 2 n , 2(m+1)
2 n ] for m ∈ {0, 1, · · · , 2 n−1 − 1}. Fixed points of T n , or n-periodic points of T , are clearly of the form 2m 2 n −1 or 2m 2 n +1 . Given an n-periodic point x ∈ (0, 1), the averagē x = 1 n x + T (x) + · · · + T n−1 (x) over its orbit is clearly the ergodic average (or time average) of T at x. It is also called the barycenter, centroid, or mass center of the orbit. By the ergodic average of f ∈ L 1 [0, 1] at x ∈ [0, 1] we mean the limit value, if it exists, of 1 n n−1 k=0 f (T i x) as n → ∞. Since the Lebesgue measure is an ergodic invariant measure, by the Birkhoff ergodic theorem we know that for almost every x (in the sense of Lebesgue) the mass center of its orbit is 0.5, the same as the space average of T . It is not difficult to prove that the set of all barycenters is [0, 2/3].
In [2] Misiurewicz noted that two cycles with mirror itineraries have the same barycenter. He then raised an interesting question: Can there be three different cycles with the same barycenter? The answer is affirmative as can easily be verified from the distinct orbits of As the denominator increases there are more and more examples of distinct cycles with the same barycenter. The search for n distinct cycles with the same barycenter becomes a challenging task when n is large. In this paper we prove that Theorem 1.1. For any positive integer n, there exist n distinct cycles for the standard tent map with the same barycenter.
As another incentive for our work, we remark here that for baker maps B(x) = kx mod 1 (in particular the most standard case k = 2) one can very easily check that many periodic orbits share the same barycenter, but intriguingly this is by no means obvious for the tent map.
In section 2 we provide a sufficient condition for two periodic orbits to have the same barycenter. Section 3 is devoted to the proof of Theorem 1.1. Some other patterns of periodic orbits with the same barycenter are given in section 4. Final remarks and related problems are put into section 5.
Binary representations and the trace vector
In this section we introduce the concept of a trace vector and establish a sufficient condition for periodic orbits of a certain type to have the same barycenter.
Throughout this and the next section we consider n-periodic points (n is not necessarily the minimum period) of the form x = 2m 2 n −1 , because other n-periodic points 2m 2 n +1 can be expressed in the same form 2m(2 n −1) 2 2n −1 . The numerator 2m of x can be uniquely written as a 1 2 n−1 + a 2 2 n−2 + · · · + a n−1 2 1 with a i ∈ {0, 1} for all i. For convenience we add the term a n 2 0 with coefficient a n = 0 and write the numerator as a vector in (Z/2Z) n : 2m = [a 1 , a 2 , · · · , a n ].
The tent map T acts on the vector as a cyclic left-shift when a 1 = 0, while 0's and 1's are swapped after a cyclic left-shift when a 1 = 1. More precisely, the tent map induces a map T * from {0, 1, 2, · · · , 2 n − 1} to {0, 2, 4, · · · , 2 n−1 − 2} given by T * [a 1 , a 2 , · · · , a n ] = [a 2 , a 3 , · · · , a n , a 1 ] i f a 1 = 0, [1 − a 2 , 1 − a 3 , · · · , 1 − a n , 1 − a 1 ] if a 1 = 1 = [a 2 , a 3 , · · · , a n , a 1 ] + [a 1 , a 1 , · · · , a 1 , a 1 ] = [a 1 , a 2 , · · · , a n−1 , a n ]EF,
Note that the last entry of T * [a 1 , a 2 , · · · , a n ] is always zero. Therefore,
The last identity holds because [a 1 , a 2 , · · · , a n ]E k = [a k+1 , · · · , a n , a 1 , · · · , a k ] and the collected effect of
amount to adding a vector [c, c, · · · , c] to [a k+1 , · · · , a n , a 1 , · · · , a k ]. Since the last entry of T k * [a 1 , a 2 , · · · , a n ] is zero, c must be equal to a k . The orbit of x is encoded in the n by n matrix A(x) ∈ M n×n (Z/2Z):
a n T * [a 1 , a 2 , · · · , a n ] T 2 * [a 1 , a 2 , · · · , a n ] . . .
a n a 1 · · · a n−2 a n−1
where α = [a 1 , a 2 , · · · , a n ] T . Let β = α + Eα and
Then
The last column of A(x) is zero. Since all entries of the matrix C n−1 are 1, we conclude that the number of 1's in β must be even. Also note that the first column
2 n −1 and 2k 2 n −1 cannot have the same itinerary unless m = k. Since there are 2 n−1 vectors of the form [a 1 , · · · , a n−1 , 0] and 2 n−1 possible itineraries β (which must have an even number of 1's), the correspondence between x = 2m 2 n −1 and β is necessarily bijective.
Let s j (β) = s j be the number of 1's in the j-th column C j−1 β of A(x). We call
the trace vector of x. If follows easily from (2.1) that s n = 0 and each s j is even. Since
we also have
Thus for two n-periodic points x = 2m 2 n −1 and y = 2k 2 n −1 , a sufficient condition for x =ȳ is that they have the same trace vector.
Let β and γ denote respectively the itineraries of n-periodic points x and y. As explained earlier, x = y if and only if β = γ. It follows that x and y are in the same cycle if and only if γ = E k β for some k, in which case we will say that β and γ are equivalent.
Let
Then D and E generate a dihedral group of order 2n with relations
If γ = Eβ, then C k γ = C k Eβ = EC k β for all k. Thus A(x) and A(y) have the same trace vector as expected.
If γ = Dβ, then C k γ = C k Dβ = DE k C k β for all k. Thus A(x) and A(y) have the same trace vector. Note that γ is the mirror image of β. In this case x and y belong to different cycles except when β = DE k β for some k. For instance, the point x = 26 127 has itinerary β = [0, 0, 1, 0, 1, 1, 1] T .
The itinerary of y = 88 127 is β-reversed. These two points x and y belong to two different cycles with the same barycenter 72 127 . One might attempt to look for other permutation matrices P with the nice property that s(β) = s(P β) for all itineraries β. Unfortunately there are no such permutation matrices other than those in the dihedral group generated by D and E. In order to find three or more different cycles with the same barycenter, we need more explicit constructions, as to be shown in the next section.
A family of cycles with the same barycenter
In order to construct n distinct cycles with the same barycenter, we will find n (8n)-periodic points such that their itineraries β (1) , · · · , β (n) have the same trace vector, yet β (i) and β (j) are non-equivalent when i = j. The "n" in this section is not to be confused with the "n" in the previous section, which is replaced by "8n" here for convenience.
For each 1 ≤ m ≤ n, let
be defined by the following conditions:
It is easy to see that these conditions uniquely determine β (m) . It is understood that the subindex i of each β (m) i is in Z/8nZ. For instance, when n = 3, the β (m) 's are
The vertical bars are inserted in the vectors above to improve readability. By (2.2), we only need to show that s k (β (m) ) is independent of m for 1 ≤ k ≤ 4n because of the symmetry of the trace vector.
If k is odd, then for each i ∈ Z/8nZ we have
Hence there are as many 1's as 0's in [b
8n,k ] T , and therefore s k (β (m) ) = 4n when k is odd.
8n,4n ] T , and therefore s 4n (β (m) ) = 4n.
We now assume that k = 2r where 1 ≤ r < 2n. Note that It remains to show that if i = j, then β (i) and β (j) are not equivalent; that is, β (i) cannot be obtained from β (j) by a cyclic rotation. This follows from the fact that if we write β (m) around a circle, then the length of the longest substring of consecutive 0's is 4n − 2m − 1. Thus the β (m) 's are itineraries of points in n distinct cycles with the same barycenter. The proof of Theorem 1.1 is now concluded.
Remark 3.1. It is easy to see that the definition of β (m) can be extended to all 1 ≤ m < 2n. In fact, all these 2n − 1 itineraries are pairwise non-equivalent. Moreover there is another itinerary with the same trace vector, making a total of 2n distinct (8n)-cycles with the same barycenter.
Replacing 2n by n, we may construct n distinct (4n)-cycles with the same barycenter as follows. For each 0 ≤ m < n, let
and for 1 ≤ m < n define
Then a similar calculation shows that s(γ (m) ) is independent of m, with s 2r−1 = s 2n = 2n and s 2r = 2r +4 for r = 1, · · · , n. It is also not hard to verify that if i = j, then γ (i) and γ (j) are not equivalent. Therefore we obtain n distinct (4n)-cycles with the same barycenter.
Remark 3.2. Let x (m) denote the (4n)-periodic point with itinerary γ (m) for 0 ≤ m < n. Then it can be calculated that
x (m) = 2 3(2 2n + 1) + 2 2n−2m 2 2n − 1 for m = 1, · · · , n − 1.
Using equations (2.2), (2.3) and the common trace vector of x (m) 's, one can calculate the common mass center of their orbits:
.
If we replace n by 2n in these formulas, then we obtain the (8n)-periodic points with itineraries β (m) and the common barycenter of their orbits.
Further examples of cycles with the same barycenter
There are several patterns of itineraries that can be suitably permuted without altering their trace vectors. We will discuss one of them to which β (1) and γ (1) in section 3 belong.
To simplify our notation, we will denote itineraries by row vectors instead of column vectors in this section. For any string u = [u 1 , · · · , u k ] consisting of 0's and 1's, u −1 denotes the string obtained by reversing the order of the u i 's in u, and |u| denotes the sum of the u i 's over Z/2Z. All itineraries are treated as cyclic vectors. where p = [p 1 , · · · , p j ], q = [q 1 , · · · , q k ] and r = [r 1 , · · · , r k ] are subject to the conditions q = q −1 , r = r −1 , |q| = |r|. 0, q, 1, p, 1, r] .
Note that the presence of the two 0's and 1's implies that γ is in general not in the orbit of β under the action of the dihedral group (2.4). We will call the two 0's and 1's the four corners of β and γ.
Proof. Let n = 2j + 2k + 4 denote the length of β. By (2.2), we only need to show that s l (β) = s l (γ) for 1 ≤ l ≤ n/2. Let us fix such an l. Define 0, r, 1, p, 1, q], γ = [0, p, 0, r, 1, p −1 , 1, q] , β = [1, p, 1, q, 0, p −1 , 0, r], γ = [1, p −1 , 1, q, 0, p, 0, r] , 1, r, 0, p, 0, q], γ = [1, p, 1, r, 0, p −1 , 0, q] .
Then β , β and β are in the same orbit of β under the action of the dihedral group (2.4), so they all have the same trace vector. Similarly γ , γ and γ are in the same orbit of γ, so they all have the same trace vector as well. For a cyclic vector x = [x 1 , · · · , x n ], let x = [x i , · · · , x i+l−1 ], where it is understood that the subindices are in Z/nZ. Since l ≤ n/2, the substring β covers at most two corners of β.
Case 1: β covers zero corners. If β covers nothing of p and p −1 , then note that γ,γ ,γ and γ are obtained from β,β ,β and β by switching p and p −1 . If β covers nothing of q and r, then note that γ,γ ,γ and γ are obtained from β ,β,β and β by switching q and r. In either case we have {| β|, | β |, | β |, | β |} and {| γ|, | γ |, | γ |, | γ |} are the same as multisets.
Case 2: β covers one corner. Notice that if we switch 0 and 1 in the four corners, then β becomes β and β becomes β . Therefore as multisets {| β|, | β |, | β |, | β |} = {0, 0, 1, 1}. For a similar reason we also have {| γ|, | γ |, | γ |, | γ |} = {0, 0, 1, 1}.
Case 3: β covers two corners. The argument here is similar to Case 1. If β covers a complete p (or p −1 ), then it covers nothing of p −1 (or p) since l ≤ n/2. In this case switch p and p −1 . If β covers a complete q (or r), then it covers nothing of r (or q). In this case switch q and r. Since |p −1 | = |p| and |q| = |r|, in either case we have {| β|, | β |, | β |, | β |} = {| γ|, | γ |, | γ |, | γ |}. Now let i run through {1, · · · , n}. Then we have 4s l (β) = 4s l (γ).
Remark 4.2. The same arguments can be applied to itineraries of the form β = [0, p, 1, q, 0, p −1 , 1, r], where p = [p 1 , · · · , p j ], q = [q 1 , · · · , q k ] and r = [r 1 , · · · , r k ] are subject to conditions (4.1).
Example 4.3. Both the β (1) in (3.1) and the γ (1) in (3.3) have the structure described in Proposition 4.1. For instance, the β (1) in (3.2) as a cyclic vector can be written as has the same trace vector as β (1) . Their trace vector is (12, 6, 12, 8, 12, 10, 12, 12, 12, 14, 12, 12, 12, 14, 12, 12, 12, 10, 12, 8, 12, 6, 12, 0).
